Abstract. We show that for a strongly convergent sequence of purely loxodromic finitely generated Kleinian groups with incompressible ends, Cannon-Thurston maps, viewed as maps from a fixed base limit set to the Riemann sphere, converge uniformly. For algebraically convergent sequences we show that there exist examples where even pointwise convergence of Cannon-Thurston maps fails.
Pointwise Convergence 34 1. Introduction
Given an isomorphism between Kleinian groups, a Cannon-Thurston map is a continuous equivariant map between their limit sets. It is by no means obvious that such a map always exists, however as the culmination of a long series of developments, it was shown in [37] that given a weakly type preserving (see below) isomorphism between any geometrically finite group Γ and any Kleinian group G, a Cannon-Thurston map always exists.
This paper is the second of two dealing with convergence of Cannon-Thurston or CT -maps, considered as a sequence of continuous maps from the limit set of a fixed geometrically finite group to the sphere. The main questions addressed in both papers are:
(1) Does strong convergence of finitely generated Kleinian groups imply uniform convergence of CT -maps?
(2) Does algebraic convergence of finitely generated Kleinian groups imply pointwise convergence of CT -maps?
In the first paper [38] we dealt with the geometrically finite case by showing that both questions have a positive answer for a sequence of geometrically finite groups converging to a geometrically finite limit, provided that, in case (2), the geometric limit is also geometrically finite. As observed in [38] , it is easy to see that if the groups converge algebraically but not strongly, then uniform convergence necessarily fails.
In the present paper we study the situation in which the limit group is geometrically infinite. We show that, in the absence of parabolics and with incompressible ends, the answer to (1) is always positive, but, in what is the most unexpected outcome of our investigations, we provide a counter example to (2) by exhibiting a sequence of geometrically finite groups converging algebraically but not strongly, for which the corresponding CT -maps fail to converge pointwise at a countable set of points. The class of limit groups in question are Brock's partially degenerate examples [9] , described in more detail below. Thus our second main result answers in the negative the second part of Thurston's Problem 14 in his seminal paper [43] . In these examples, both the algebraic and geometric limits of the G n are geometrically infinite. We do not know whether there exist examples of non-convergence in which the algebraic limit is geometrically finite but the geometric limit is not.
Recall that an isomorphism ρ : Γ → G between Kleinian groups is strictly type preserving if ρ(γ) ∈ G is parabolic if and only if γ ∈ Γ is also parabolic; it is weakly type preserving if the image of any parabolic element is parabolic. Since CT -maps preserve fixed points, is easy to see that a necessary criterion for the existence of a CT -mapî : Λ Γ → Λ G between limit sets is that ρ be weakly type preserving.
Our first main result, largely answering question (1) , is:
Theorem A. Let Γ be a geometrically finite Kleinian group without parabolics, which does not split as a free product. Let ρ n : Γ → G n be a sequence of strictly type preserving isomorphisms to geometrically finite Kleinian groups G n , which converge strongly to a totally degenerate purely loxodromic Kleinian group G ∞ = ρ ∞ (Γ). Then the sequence of CT -mapsî n : Λ Γ → Λ Gn converges uniformly toî ∞ : Λ Γ → Λ G∞ .
This result was proved by Miyachi [32] in the case in which Γ is a surface group without parabolics and the injectivity radius is uniformly bounded below along the whole sequence.
The condition that Γ does not split as a free product is equivalent to requiring that all ends of the manifold H 3 /Γ are incompressible, see [5] .
Theorem A of [38] , which is essentially the above result in the geometrically finite case, does not have any of the restrictions (absence of parabolics, not splitting as a free product, strictly type preserving, totally degenerate) imposed above. We introduce these restrictions largely because of technical issues concerning the model for the ends of the limit manifold H 3 /G ∞ .
With a bit more work, similar techniques to those used here can be used to prove the theorem in the general case, see [40] .
If the convergence is algebraic but not strong, then uniform convergence necessarily fails.
This is an immediate consequence of Evans' theorem [17, 18] that the limit sets Λ Gn converge in the Hausdorff metric to the limit set of the geometric limit in the Hausdorff metric, see [38] for further discussion. As far as we know, the question of pointwise convergence in this situation has not previously been addressed. In answer to question (2) we have:
Theorem B. Let Γ be a Fuchsian group for which H 2 /Γ is a closed surface of genus at least 2. Then there exists a Kleinian group G ∞ , together with an isomorphism ρ ∞ : Γ → G ∞ = ρ ∞ (Γ), and a sequence of representations ρ n : Γ → G n to geometrically finite groups converging algebraically to G ∞ , such that the sequence of CT-mapsî n : Λ Γ → Λ Gn fails to converge pointwise toî ∞ at a countable set of points in Λ Γ .
Implicit in the statement of Theorem A is the existence of the CT -map from Λ Γ to Λ G∞ .
This result has a long history which we do not intend to repeat in detail here. The most general result, in which G = G ∞ is an arbitrary torsion free non-elementary Kleinian group, can be found in [37] . The restricted case in which Γ is a surface group and G is singly or doubly degenerate, is the main result of [39] , see Section 4 below. The original seminal case in which M = H 3 /G is the cyclic cover of a 3-manifold fibering over the circle with fibers a closed surface is of course due to Cannon and Thurston [14] ; this was extended to the case in which G is a surface group with a lower bound on the lengths of loxodromics in [7] and [31] , or more generally when M is an arbitrary hyperbolic manifold with incompressible boundary in [34] .
The older history in the case in which G is geometrically finite is discussed in [38] .
In [38] we introduced general criteria for uniform and pointwise convergence of CT -maps, called UEPP and EPP respectively. These compare the geometry of the obvious embedding of the Cayley graph of the base group Γ into H 3 , to the corresponding embeddings for the groups G n , G ∞ . The main work in this paper consists in verifying that these criteria hold (in the case of Theorem A) or understanding why they do not (in the case of Theorem B). After slightly reformulating the condition UEPP, we see that for the case of strictly type preserving maps of surface groups, the needed condition has essentially already been proved in [39] . In order to explain this, we give in Section 4.2 a brief outline of the relevant parts of the arguments in [39] .
For the benefit of readers who have not gone through all of this previous work, which in turn depends heavily on the Minsky model of degenerate Kleinian groups, we preface this by briefly sketching in Section 4.1 how the argument goes in the case of groups of bounded geometry, thus reproving Miyachi's theorem [32] . Our proof in this case follows easily using the method explained in [31] and [36] and is independent of [39] .
Let R be a surface with boundary and Λ a lamination on R. A complementary region in R \ Λ is called a crown domain if it contains a component of ∂R.
The counter example in Theorem B arises from Brock's examples of a sequence of quasi-Fuchsian groups G n converging algebraically but not strongly to a partially degenerate group G ∞ . More precisely, we prove the following, which immediately implies Theorem B:
Theorem C. Fix a closed hyperbolizable surface S together with a separating simple closed curve σ, dividing S into two pieces L and R. Let α denote an automorphism of S such that α| L is the identity and α| R = χ is a pseudo-Anosov diffeomorphism of R fixing the boundary σ. Let X be a hyperbolic structure on S and let G n be the quasi-Fuchsian group given by the simultaneous uniformization of (α n (X), X). Let G ∞ denote the algebraic limit of the sequence G n , suitably normalized by a basepoint in the lift of the lower boundary X. Letî n : Λ G 0 → Λ Gn , n ∈ N ∪ ∞, be the corresponding CT -maps and let ξ ∈ Λ G 0 . Thenî n (ξ) converges toî ∞ (ξ) if and only if ξ is not the endpoint of the lift to H 2 of a boundary leaf, other than σ, of the crown domain of the unstable lamination of χ, viewed as a lamination on the surface R.
The outline of the paper is as follows. In Section 2 we set up background and notation, in particular reviewing briefly what we need from the theory of hyperbolic spaces and electric geometry in 2.6. These techniques are central in [39] , and are also used here in the discussion of Theorem C.
In Section 3 we recall results from [38] on Cannon-Thurston maps, in particular we explain our convergence criterion UEPP. In Section 4 we prove Theorem A. As discussed above, we first
give a brief discussion of a proof in the case of bounded geometry, that is, when the injectivity radius of all manifolds in the sequence is uniformly bounded below. This is essentially Miyachi's theorem referred to above. We then turn to the general situation, outlining as we go the relevant steps in the proof for a single CT -map as in [39] . Finally in Section 5 we explain the counter examples to pointwise convergence, explaining the Brock examples and then proving Theorem C.
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Background

Kleinian groups.
A Kleinian group G is a discrete subgroup of P SL 2 (C). As such it acts as a properly discontinuous group of isometries of hyperbolic 3-space H 3 , whose boundary we identify with the Riemann sphereĈ = C ∪ ∞. As in [38] , all groups in this paper will be finitely generated and torsion free, so that M = H 3 /G is a hyperbolic 3-manifold. The limit set Λ G ⊂Ĉ is the set of accumulation points of any G-orbit.
A Kleinian group is geometrically finite if it has a fundamental polyhedron in H 3 with finitely many faces; a group which is not geometrically finite is also called degenerate. The point of this paper is to investigate the extension of [38] to the degenerate case. We say a group is totally degenerate if it is not geometrically finite and Λ G =Ĉ. The structure of degenerate groups has recently been elucidated by the work of Minsky et al. [29, 10] on the ending lamination theorem and the tameness theorem of Agol [1] and Calegari and Gabai [11] .
This paper rests heavily on these results.
A Kleinian group G is a surface group, if there is a hyperbolic surface S, together with a discrete faithful representation ρ : π 1 (S) → G. The corresponding manifold H 3 /G is homeomorphic to S × R, see [5] . It is singly or doubly degenerate according as one or both of its ends are geometrically infinite with filling ending laminations. 
The Cayley graph GG of G is the graph whose vertices are elements g ∈ G and which has an edge between g, g whenever g −1 g ∈ G * . The graph metric d G is defined as the edge length of the shortest path between vertices so that d G (1, e i ) = 1 for all i, where 1 is the unit element of G. Let |g| denote the word length of g ∈ G with respect to
and radius R.
Choose a basepoint O G ∈ H 3 which is not a fixed point of any element of G. One may if desired assume the basepoint is the centre O of the ball model B as above. For simplicity, we do this throughout the paper unless indicated otherwise. Then GG is immersed in H 3 by the map j G which sends g ∈ G to j G (g) = g · O, and which sends the edge joining g, g to the
Note that using the ball model of H 3 , the limit set Λ G may be regarded as the completion of j G (GG) in the Euclidean metric d E on B ∪Ĉ.
2.4.
Algebraic and Geometric Convergence. Let Γ be a geometrically finite Kleinian group. A sequence of group isomorphisms ρ n : Γ → P SL 2 (C), n = 1, 2 . . . is said to con-
as elements of P SL 2 (C). The representations converge geometrically if (G n = ρ n (G)) converges as a sequence of closed subsets of P SL 2 (C) to G g ⊂ P SL 2 (C). Then G g is a Kleinian group called the geometric limit of (G n ). The sequence (ρ n ) converges strongly to ρ ∞ (G) if ρ ∞ (G) = G g and the convergence is both geometric and algebraic. If a sequence of groups converge algebraically, they have a geometrically convergent subsequence, see [24] Alternatively, following Thurston [42] , see also for example [12] Chapter 3, we say that a sequence of manifolds with base-frames (M n , ω n ) converges geometrically (or in the C ∞ -Gromov-Hausdorff topology) to a manifold with base-frame (M ∞ , ω ∞ ) if for each compact submanifold C ⊂ M ∞ containing the base-frame ω ∞ , there are smooth embeddings ψ n : C → M n (for all sufficiently large n) which map base-frame to base-frame and such that ψ n converges to an isometry in the C ∞ -topology. Kleinian groups G n are said to converge geometrically to G ∞ if the corresponding framed manifolds (M n = H 3 /G n , ω n ) converge geometrically to
, where the base-frames ω n , ω ∞ are all the projection of a fixed base-frame in H 3 . The sequence ((M n , ω n )) converges strongly to (M ∞ , ω) if the convergence is geometric and in addition the convergence of (ρ n ) to ρ ∞ is algebraic. We remark that changing the basepoints in the above discussion may result in a different geometric limit.
The relation between these definitions is the following. Fix once and for all a standard base frame Ω in H 3 , with basepoint at the origin O in the ball model of hyperbolic 3-space.
Given a framed manifold (M, ω), there is a unique developing map ( M ,ω) → H 3 (where M is the universal cover of M ) which sends a fixed liftω of ω to Ω ∈ H 3 . The induced holonomy homomorphism sends π 1 (M, o) to a discrete torsion free subgroup of SL(2, C), where o ∈ M is the basepoint of ω. By for example [12] 
Scott cores.
Recall that a Scott core of a 3-manifold V is a compact connected 3-submanifold K V such that the inclusion K V → V induces an isomorphism on fundamental groups. The Scott core is unique up to isotopy [25] . Note that in general, the Scott core may be much smaller than the convex core, even when the group is convex cocompact. We shall need the following relationship between the Scott core and the ends of V . Let ρ n : Γ → P SL 2 (C) be a sequence of representations converging strongly to ρ ∞ . Fixing the base-frames as the projections ω n of the frame Ω in H 3 to M n = H 3 /G n , n ∈ N∪∞, we obtain a corresponding sequence of framed hyperbolic manifolds (M n , ω n ) converging geometrically to
and let K N be a Scott core of N , chosen such that the baseframe ω N for N has basepoint o N ∈ K N . The representations ρ n induce homotopy equivalences
We can lift φ n to mapsφ n : K N → M n for n ∈ N ∪ ∞ and note that by our choices thatφ n (ω N ) converges toφ ∞ (ω N ).
In general the homotopy equivalences φ n may not be homeomorphisms. However in the situation of strong convergence, the proof of [13] Lemma 2.2. Let Γ be a geometrically finite group and let ρ n be a sequence of discrete faithful representations of Γ converging strongly to ρ ∞ . Let K = K M∞ be a compact core for
. Let ψ n : K → M n be the bi-Lipschitz embeddings coming from the geometric convergence, inducing maps (ψ n ) * : ρ ∞ (Γ) → ρ n (Γ). Then for all large enough n,
We remark that the hypotheses in [13] and [3] that all groups be purely hyperbolic, or indeed that the convergence be strictly type preserving, are not needed for this lemma. Also note that as remarked above, in general ψ n (K) may be much smaller than the convex core of M n . If the convergence is not strong, Lemma 2.2 may fail even when the limit group is geometrically finite, as is shown by the well known Anderson-Canary examples [2] .
Lemma 2.2 shows that, in the situation of strong convergence, we may take the homotopy equivalences φ n to be homeomorphisms between Scott cores of the relevant groups. It also allows us to identify the ends of M ∞ with the ends of the approximating groups. We have:
Corollary 2.3. Let Γ be a geometrically finite group and let ρ n be a sequence of discrete faithful representations of Γ converging strongly to ρ ∞ . Then, up to replacing Γ by the group G n 0 for some n 0 ∈ N, we can pick a Scott core K of H 3 /Γ such that there are bi-Lipschitz embeddings φ n : K → H 3 /G n which induce ρ n , and such that φ n (K) is a Scott core of M n for n ∈ N ∪ ∞.
Moreover suppose that E is an end of M ∞ and U is the component of M ∞ \ φ ∞ (K) which is a neighborhood of E. Let F = ∂U and let U n be the component of M n \ φ n (K) bounded by
Then U n is a neighborhood of an end E n of M n and we say that U n corresponds to E.
Proof. Set K = φ ∞ (K). Take n 0 large enough that the conclusion of Lemma 2.2 applies.
, we have a sequence of representations as before. The core of M n 0 can be taken to be ψ n 0 (K). Noting that ρ n is induced by ψ n ψ −1 n 0 : ψ n 0 (K) → M n , we can replace the homotopy equivalences φ n : K N → M n by the homeomorphisms ψ n ψ −1 n 0 : ψ n 0 (K) → ψ n (K) between the cores of M n 0 and M n , n > n 0 .
These converge to the homeomorphism ψ
In other words, we may as well assume that the homotopy equivalences φ n are actually embeddings of the core
The idea of the final statement follows [13] §8. That U n is a neighborhood of an end E n of M n follows from Lemma 2.1.
2.6.
Relative Hyperbolicity and Electric Geometry. We summarize the facts we need on relative hyperbolicity and electric geometry. For further details, we refer the reader to [20, 6] see also [35] The collection H is said to be uniformly separated if there exists
It is uniformly quasi-convex if there exists C > 0 such that if for any H ∈ H and for any points x, x ∈ H, any geodesic joining them lies within the C-neighborhood of H. It is mutually cobounded if there exists C > 0 such that for all H i = H j ∈ H, π i (H j ) has diameter less than C, where π i denotes a nearest point projection of X onto H i . A typical example is when X is hyperbolic space H 3 and H is the collection of lifts to H 3 of the thin parts of a hyperbolic 3-manifold.
Following Farb, we need to understand some finer details of the relationship between geodesics in X and in X el . Recall that K-quasi-geodesic in a metric space Y is a K-quasi-
A quasi-geodesic is a path in Y which is a K-quasi-geodesic for some K > 0. If X, H gives rise to an electric space (X el , d el ), then an electric (quasi)-geodesic in X is a path in X which is a (quasi)-geodesic for the electric metric d el .
We say that a path does not backtrack if it does not re-enter any H ∈ H after leaving it. Suppose that λ is an electric quasi-geodesic in (X el , d el ) without backtracking and with endpoints a, b ∈ X \ H. Keeping the endpoints a, b fixed, replace each maximal subsegment of λ lying within some H ∈ H by a hyperbolic X-geodesic with the same endpoints. The resulting connected path is called an electro-ambient quasi-geodesic in X, see Figure 1 . The main result we need is: Figure 1 . An electro-ambient quasi-geodesic.
Lemma 2.6 ([35] Lemma 3.7)
. Let X be a hyperbolic metric space and let H be a collection of mutually cobounded uniformly separated uniformly quasi-convex sets. Let γ be an electroambient quasi-geodesic with endpoints a, b ∈ X \ H. Then γ is a quasi-geodesic in X and lies within bounded distance of any X-geodesic with the same endpoints.
In the case in which X is hyperbolic space H 3 and H is the collection of lifts to H 3 of the thin parts of a hyperbolic 3-manifold, the proof of Lemma 2.6 is straightforward and was done from first principles in [38] Lemmas 7.15, 7.16.
Remark 2.7. One can introduce a further property of a metric space X being strongly hyperbolic relative to a collection H, see [35] Section 3 and also [6] . This condition concerns how paths penetrate the sets in H. If X is itself a δ-hyperbolic space, then the conditions that the sets in H be mutually cobounded, uniformly separated and uniformly quasi-convex are enough to imply that X is strongly hyperbolic relative to H, see [20] §4 and [35] §3. Since all that we needed here is the result of Lemma 2.6, we do not digress to give the precise definition here.
Cannon-Thurston Maps and Convergence Criteria
Let Γ be a Kleinian group and let ρ : Γ → P SL 2 (C) with ρ(Γ) = G. Let Λ Γ , Λ G be the corresponding limit sets. A Cannon-Thurston or CT -map is an equivariant continuous map
Recall from Section 2.3 the natural embedding j Γ of the Cayley graph of GΓ into H 3 . The CT -mapî =î(ρ) can also be defined as the continuous extension to Λ Γ ⊂ ∂H 3 of the obvious
Suppose alternatively that N is a geometrically finite manifold homotopy equivalent to another hyperbolic manifold M and let φ : K N → M be a homotopy equivalence between a Scott core K N of N and M . It is easy to see thatî is an extension to ∂H 3 of any lifting φ : K N → M , since any fixed orbit of the action of G onφ(K N ) can serve as a substitute for the orbit of the basepoint O. Notice however that the careful discussion in 2.4 is needed to fix basepoints if we are dealing with a sequences of groups.
In [38] we reproved Floyd's results [21] on the existence of CT -maps for geometrically finite groups:
. Let Γ, G be finitely generated geometrically finite groups and let φ : Γ → G be weakly type preserving isomorphism. Then the CT-mapî :
Note that the examples in [2] show that there exist geometrically finite non-cusped manifolds which are homotopic but not homeomorphic, see also Lemma 2.2. We deduce from the above that the CT -map between their limit sets nonetheless exists and is a homeomorphism.
3.1. Criteria for convergence. We now collect some criteria for the existence and convergence of CT -maps from [38] . 
In [39] , the criterion was used in an alternative form which involves geodesics in H 3 for the domain group Γ also. Recall that a geometrically finite group is convex cocompact if its convex core is compact. In this case we can take the Scott core to be the convex core. Note that to make a sensible statement here we need to insist that, in addition to being compact, the core K N of N should also be convex. If Γ is Fuchsian group corresponding to a closed surface, the main case in [39] Now let Γ be a fixed geometrically finite Kleinian group and suppose that ρ n :
is a sequence of discrete faithful weakly type preserving representations converging algebraically
, n ∈ N ∪ ∞ and write Λ n for Λ Gn . To normalize, we embed all the Cayley graphs with the same base-point O = O Gn for all n and set j n (g) =
so that the CT -mapî n : Λ Γ → Λ n is the continuous extension of i n to Λ Γ . Assuming they exist, we say that the CT -mapsî n : Λ Γ → Λ n converge uniformly (resp. pointwise) toî ∞ if they do so as maps from Λ Γ toĈ. If λ is any d Γ -geodesic segment in GΓ with endpoints γ, γ ∈ Γ, then we
In [38] we introduced two properties UEP (Uniform Embedding of Points) and UEPP (Uniform Embedding of Pairs of Points) of the sequence (ρ n ). The first was shown in [38] to be equivalent to strong convergence, and the second is our criterion for uniform convergence of CT -maps. We summarise these definitions and results here.
Definition 3.5. Let ρ n : Γ → G n be a sequence of weakly type preserving isomorphisms of Kleinian groups. Then (ρ n ) is said to satisfy UEP if there exists a non-negative function
Definition 3.6. Let ρ n : Γ → G n be a sequence of weakly type preserving isomorphisms of Kleinian groups. Then (ρ n ) satisfies UEPP if there exists a function f : N → N, such that f (N ) → ∞ as N → ∞, and such that whenever λ is a d Γ -geodesic segment lying outside . Let Γ be a geometrically finite Kleinian group and let ρ n :
Γ → G n be weakly type preserving isomorphisms to Kleinian groups. Suppose that ρ n converges algebraically to a representation ρ ∞ . Then if (ρ n ) satisfies UEPP, the CT -mapsî n : Λ Γ → Λ n converge uniformly toî ∞ . If Γ is non-elementary, the converse also holds.
Inverting the function f in the definition of UEPP gives a slight modification of the criterion in Theorem 3.8 convenient to our purposes. Note that in the statement which follows, we do not need to assume that
Corollary 3.9. Let Γ be a geometrically finite Kleinian group and let ρ n : Γ → G n be weakly type preserving isomorphisms to Kleinian groups. Suppose that ρ n converges algebraically to a representation ρ ∞ and that there exists a function
Proof. In view of Theorem 3.8, it is enough to see the given condition implies UEPP. We do this by inverting the function
Hence without loss of generality using an inductive argument we may assume that f 1 is strictly increasing, so
where L is the unique positive integer such that
Suppose given N and that f (N ) = L. We are given that whenever λ is a d Γ -geodesic
for all n ∈ N. This is exactly the condition UEPP.
Applying a similar inversion to Theorem 3.2 we obtain immediately:
Corollary 3.10. Let Γ be a geometrically finite Kleinian group and let ρ : Γ → G be a weakly type preserving isomorphism to a non-elementary Kleinian group G for which a CT -map exists.
Then there exists a function
Strong Convergence
In this section we prove Theorem A. To set the scene, we begin with a brief discussion in the case of strong convergence and bounded geometry, that is, when the injectivity radii of all manifolds in the sequence are uniformly bounded below. We then turn to the general situation of Theorem A, outlining as we go the relevant steps in the proof for a single CT -map as in [39] .
4.1. The bounded geometry case. In this section, which is not necessary for the general result, we illustrate how to use the criteria of Section 3 to prove Theorem A in the case of a singly or doubly degenerate surface group with bounded geometry. This is essentially Miyachi's result [32] . The brief sketch below is a reprise of the first author's original arguments in [31, 36] .
This sketch may also be useful to clarify the flow of the arguments from [39] which are the basis of our proof of Theorem A.
Recall that if M is a hyperbolic 3-manifold, the injectivity radius r(M ; x) of M at x ∈ M is r/2 where r is the length of the shortest loop based at x. The manifold is said to have bounded geometry if there exists a > 0 such that r(M ; x) ≥ a for all x ∈ M ; in this case the injectivity radius of M is inf x∈M r(M, x).
Theorem 4.1. Let Γ be a Fuchsian group such that H 2 /Γ is a closed hyperbolic surface. Let ρ n : Γ → G n be a sequence of strictly type-preserving isomorphisms to geometrically finite groups G n , which converge strongly to a singly or doubly degenerate surface group
Suppose moreover that the injectivity radii of M n are uniformly bounded below by some a > 0 for n ∈ N ∪ ∞. Then the sequence of CT -mapsî n : Λ Γ → Λ Gn converges uniformly tô
Proof. It is sufficient to show that the sequence (ρ n ) satisfies UEPP. That is, we have to show that there exists a function f : 
What we have to do is to
show that the same function f works uniformly for the representations ρ n for all sufficiently large n.
Finding the function f in [31] was based on the following construction. For simplicity, suppose that G ∞ is doubly degenerate; the singly degenerate case is similar. Let S be a topological surface homeomorphic to H 2 /Γ. By results of Minsky [27, 28] , one can pick a sequence of pleated surface maps S → S n ⊂ M ∞ = H 3 /G ∞ , n ∈ Z, such that the distance between S n , S n+1 is uniformly bounded above and below, and such that, with respect to the induced hyperbolic metrics on the S n , there are uniformly bounded quasi-isometries S n → S n+1 .
One deduces that the universal cover M ∞ of M ∞ is quasi-isometric to a 'tree' of Gromov hyperbolic metric spaces. This is a Gromov hyperbolic space X equipped with a map P onto a simplicial tree T , which in the case of a doubly degenerate surface group can be taken to be the tree whose vertices are the integers, with a unit length edge joining n to n + 1, n ∈ Z. The inverse image of each vertex is itself a Gromov hyperbolic space; these spaces are uniformly properly embedded into X . Moreover for each pair of adjacent vertices v, v , there is a quasiisometry between the spaces P −1 (v), P −1 (v ), again assumed to have quasi-isometry constants uniform over vertices v.
In the present case, each space P −1 (n) is quasi-isometric to the universal cover of S n . In particular the map P : P −1 (0) → X should be thought of as the lift to universal covers of the We have to compare λ with the hyperbolic geodesic [λ] in M = H 3 joining its endpoints.
The key idea is to construct a 'ladder' L λ ⊂ X by flowing λ up the levels in X using the quasiisometries between the levels, see [31] for details. By constructing a coarse Lipschitz projection This function f depends on the quasi-isometry between M and X , and it is not hard to see by inspection that the constants depend only on the injectivity radius of M . The constant k has a similar dependence. Thus if we have a family of manifolds all of which have the same lower bound on injectivity radii, the same function f works simultaneously for all M n and the criterion of Corollary 3.9 is satisfied.
The problem with directly extending this proof to the situation of unbounded geometry, is that it requires a ladder and projection whose constants depend on the injectivity radius of the whole end. This is clearly not possible in the case of unbounded geometry. However we note that the same methods can be extended to the case of a surface with punctures, see [36] Section 5.5. (Essentially, this uses similar arguments about crossing horoballs to those in [38] .)
This gives the following result which we use in the proof of Proposition 5.12 in Section 5.
Theorem 4.2. Let Γ be a Fuchsian group such that H 2 /Γ is a finite area hyperbolic surface.
Let ρ n : Γ → G n be a sequence of strictly type-preserving isomorphisms to geometrically finite groups G n , which converge strongly to a singly or doubly degenerate surface group G ∞ = ρ ∞ (Γ).
Suppose moreover that the injectivity radii of M n outside cusps are uniformly bounded below for n = 1, 2, . . . , ∞. Then the sequence of CT -mapsî n : Λ Γ → Λ Gn converges uniformly tô
4.2. Unbounded geometry. Our proof of Theorem A is based on the method in [39] , which effectively verifies the condition of Theorem 3.2 for a single group. To show that UEPP holds for a sequence converging strongly to such a limit, we need to examine the argument carefully to understand the dependence of the constants on the limit group. We simplify by explaining the first part of the proof in the case of surface groups, discussing extensions to general manifolds with incompressible boundary later.
The proof of Theorem A follows very closely that of the main result of [39] , which can be roughly stated as: Given a singly or doubly degenerate hyperbolic manifold M whose fundamental group is a surface group, a large part of the work in [39] is to construct a model manifold M of split geometry whose universal cover M is bi-Lipschitz homeomorphic to the universal cover M of M . The model M is made by consistently gluing finitely or infinitely many split blocks B i so that B i−1 is glued to B i along their common boundary split surface S i . The existence of the sequence of split level surfaces and split blocks exiting the end is a consequence of the Minsky model [29] for a degenerate end. The detailed construction is intricate and involves a careful selection of the split level surfaces using the Minsky hierarchy, see [39] especially §3 and §4 for details. The part of this result which asserts uniform graph quasi-convexity of the blocks is [39] Proposition 4.23. We note the point, key for our purposes here, that the graph quasi-convexity constant is a combinatorial quantity which depends only on the topological convexity of the surface defining the end, and is thus also uniform across all degenerate ends of any hyperbolic manifold defined by the same topological surface S.
4.2.2.
Rough sketch of Theorem 4.3. Let S = H 2 /Γ be a compact hyperbolic surface and let ρ : Γ → G be a type preserving isomorphism to a singly or doubly degenerate surface group G.
The criterion used in [39] to prove the existence of a CT -map for ρ is that given in Theorem 3.2, but it will be convenient for our purposes to use the alternative formulation of Corollary 3.10.
In view of Theorem 4.1, we may work either with M = H 3 /G, or with a quasi-isometric model manifold of split geometry M. Lifting to universal covers, we obtain an identification of the universal cover M of M with H 3 , and in particular we can identify a basepoint O ∈ H 3 with a point, also denoted O, in M.
Here is the statement we need:
Proposition 4.4. Let G be a totally degenerate surface group corresponding to a strictly type preserving representation ρ : π 1 (S) → G where S is a closed surface as above, and let M be a model manifold of split geometry corresponding to
base block and let φ : S → M be the embedding which identifies S with
Then for any L ∈ N, there exists f (L) ∈ N, such that whenever λ is a geodesic segment in For simplicity, we will ignore this distinction in the discussion below.
The essence of Proposition 4.4 is contained in Lemma 4.7 below, whose proof occupies §5
and §6 of [39] . As in the bounded geometry case, the first step is to use λ (or more precisely, This leads to an equivalent reformulation of Lemma 4.7, which is essentially the same as [39] Corollary 6.13 in the context of a general hyperbolic manifold M without cusps. We begin with some more notation. Suppose M has ends E 1 , · · · , E r , and that each E k is homeomorphic to S k × [0, ∞) for some closed hyperbolic surface S k , and such that each end is simply degenerate.
Let K → M be a Scott core cutting off the ends E k , so that the boundary components of K are the surfaces S k × {0}, i = 1, . . . , r. We also change our formulation so as to be in accordance with the criterion in terms of GΓ, see the explanation in Section 3. Given an isomorphism ρ : Γ → G, we have an embedding
Recall also that if λ is any d Γ -geodesic segment in GΓ with endpoints γ, γ ∈ Γ, then we write j(λ)] for the
Remark 4.8. We also have the map i : j Γ (GΓ) → H 3 defined by ij Γ (γ) = j(γ), whose extension to Λ Γ is the CT -mapî. Note that i is morally the same as the embedding φ : S → M of Proposition 4.4, and as long as S is closed, the map j Γ is a quasi-isometry so that i is also morally equivalent to j. We immediately deduce the following Corollary, which will be used in the proof of Theorem A. 
4.2.4.
Proof of Theorem A: conclusion. We have a geometrically finite Kleinian group Γ without parabolics, which does not split as a free product, together with a sequence of strictly type preserving isomorphisms ρ n : Γ → G n which converge strongly to a purely loxodromic Kleinian group G ∞ = ρ ∞ (Γ). Our aim is to use the criterion of Corollary 3.10 to show that the corresponding sequence of CT -mapsî n : Λ Γ → Λ Gn converges uniformly toî ∞ : Λ Γ → Λ G∞ .
Since the representations ρ n converge strongly to G ∞ , by Proposition 2.2 we may as well assume that we have a compact core K of N = H 3 /Γ together with embeddings φ n : K →
Scott core of M ∞ . We may also choose the lift O of the basepoint o ∈ K and lifts φ n of φ n so that for all n,φ n (O) lies in a uniformly bounded neighborhood of O ∈ H 3 .
We need to show that there exists a function f 1 : N → N such that whenever λ is a d Γ -geodesic segment lying outside
for all n ∈ N, where as usual j n : GΓ → H 3 , j n (γ) = ρ n (γ) · O. Let π : H 3 → M n be the covering projection so that in particular π(O) = o n . Since ψ n (B(q)) cuts off the ends of M n , then since ψ n is 2-bi-Lipschitz, any point in π([j n (λ)]) which lies outside ψ n (B(q)) must be at least distance L to o n . It follows that whenever n ≥ n 0 , [j n (λ)] lies outside
As in 4.2.3 above, let E
It remains only to deal with n < n 0 . By Corollary 3.10, for each n ∈ {1, . . . , n 0 }, there
. . , N n 0 (L)} we have verified the criterion of Corollary 3.10. This completes the proof of Theorem A.
Algebraic limits and non-convergence of limit points
In this section we prove Theorem C, of which Theorem B is an immediate consequence.
The sequence of groups G n in Theorem C is that described by Brock in [9] , in which the convergence is algebraic but not strong. We begin with a brief description of the examples and Brock's bi-Lipschitz models for the manifolds involved.
5.1.
Brock's Examples. The groups G n in Theorem C are a sequence of quasi-Fuchsian surface groups converging algebraically but not strongly to a partially degenerate geometrically infinite surface group G ∞ with an accidental parabolic. The examples are also discussed briefly in [30] .
The sequence G n is obtained as follows. Fix a closed hyperbolic surface X = H 2 /Γ. Let σ be a simple closed geodesic which separates X into two subsurfaces R and L. Let α denote an automorphism of X such that α| L is the identity and α| R = χ is a pseudo-Anosov diffeomorphism of R preserving the boundary σ. (For later reference, it is important to ensure that there is no Dehn twisting around σ when χ is considered as the restriction of α to π 1 (R), see 5.3.1 below.) Let G n be the quasi-Fuchsian group given by the simultaneous uniformization of (α n (X), X), so that G n = ρ n (Γ) for suitably normalized ρ n : Γ → SL(2, C) and G 0 is
Fuchsian. This means that the regular set Ω n of G n has two components Ω ± n where the 'lower' component Ω − n /Γ is conformally equivalent to X and the 'upper' component Ω + n /Γ is equivalent to α n (X). The algebraic limit G ∞ of the groups G n is a partially degenerate geometrically infinite surface group, while with suitable choice of basepoint, the geometric limit of the manifolds
. These assertions will be explained in more detail below. Since to fully understand our example, it is important to be clear about the notational conventions, we begin by setting these out. As far as possible, we follow Brock [9] . a hyperbolic surface X in terms of the lengths X (γ) of the simple closed curves γ on X and identifying X with S by taking f = id, we can write
Hence the map α : X → α(X) is an isometry. The action on curves extends to an action on the space of measured laminations ML(S) on S: for µ ∈ ML(S) the lamination α(µ) is defined by (geometric) intersection numbers:
for all γ ∈ π 1 (S). Thus if α ∈ Mod(S), µ ∈ ML(S) and X ∈ Teich(S) we have α(X) (µ) = X (α −1 (ν)) where X (µ) denotes the length of the lamination µ in the surface X.
Quasi-Fuchsian groups.
A quasi-Fuchsian group G is the image of a discrete faithful rep- 
Iteration of pseudo-Anosovs. For details on measured laminations and pseudo-Anosov
maps, see [19, 41] . Here is a summary of what we need. Let χ ∈ Mod(S) be pseudo-Anosov.
Then χ has two fixed points in the space P M L(S) of projective measured laminations on S: the stable lamination λ s and an unstable lamination λ u . (If necessary, we distinguish the underlying lamination |λ| from its transverse measure λ.) This means there exists c > 1 so
Thus lim n→∞ i(χ n (γ), λ u ) → 0 so that (since λ u is uniquely ergodic),
where [µ] denotes the projective equivalence class of µ ∈ M L(S) in P M L(S).
Let X be a fixed surface in Teich(S). The boundary leaves of laminations |λ u |, |λ s | decompose X into a collection of rectangles in each of which we have a metric (λ u ) 2 + (λ s ) 2 (or more simply the equivalent metric λ u + λ s ). Putting these together gives a metric quasiisometric to the hyperbolic metric on X. Then X (γ) ∼ i(γ, λ u ) + i(γ, λ s ) and for any arc T we have X (T ) ∼ i(T, λ u ) + i(T, λ s ), where ∼ denotes equality up to multiplicative bounded constants. In particular, if T is an arc along an unstable leaf then X (T ) ∼ i(T, λ s ) so that
. In other words, φ contracts along unstable leaves. Also observe that since
it follows by taking ratios of lengths that If χ ∈ Mod(S) is pseudo-Anosov, then Thurston showed that T χ and hence N χ has a hyperbolic structure [41, 26] . Pick (Σ, f ) ∈ Teich(S) and consider the manifold M χ corresponding to the algebraic limit of the quasi-Fuchsian groups G(χ n (Σ), Σ), where Q(χ n (Σ), Σ) is marked as described above. McMullen [26] Theorem 3.11 shows that the limit manifold M χ has one positive degenerate end E which is asymptotically isometric to the positive end of N χ . (Note that the positive end of N χ is, up to complex conjugation, the negative end of N χ −1 , see [26] Proposition 3.10.)
The end E = E(Σ, χ) consists of successive sheets which are mapped one to the next by χ.
More precisely, we have a sequence of pleated surfaces h j : S → E exiting E such that the j The convex cores of the approximating manifolds Q(χ n (Σ), Σ) are equally modelled by Σ × [0, n] with the restriction of the above metric. The above marking is, up to a uniformly bounded discrepancy, the same as the one described in 5.1.2, and hence determines the limit Proof. This is proved in [9] . Here is a variant which will serve as a check we have the correct 
n and hence freely homotopic to the path (χ
. Thus the sequence of curves (χ n (γ), n) on the pleated surfaces Σ n exit the positive end of M χ and have uniformly bounded length. This means they converge to the ending lamination of M χ . On the other hand, by
in P M L(Σ). Hence the ending lamination of M χ is λ u .
5.1.5. The algebraic limit for iteration of partially pseudo-Anosov maps. Now we turn to the case under consideration, in which α ∈ Mod S is partially pseudo-Anosov as described in Section 5.1 above. Thus S is now a closed surface separated into two components R and L by a simple closed curve σ and α ∈ Mod(S) is such that α| L is the identity and α| R = χ is a pseudo-Anosov diffeomorphism of R preserving σ.
Given X ∈ Teich(S) we set G n = G(α n (X), X) and M n = Q(α n (X), X), so that M n is the manifold such that Ω + /G n is conformally equivalent to α n (X) while Ω − /G n is anti-conformally equivalent to X. In particular, G 0 is a Fuchsian group uniformizing X and our sequence of representations are the maps ρ n : G 0 → G n . Let H be a horocyclic neighborhood of the cusp corresponding to ρ ∞ (g σ ) in M ∞ . The assertion of [9] Theorem 5.4 is that the end of M ∞ \H cut off by the surface R is asymptotically isomorphic to the end E(Σ, χ) described in the previous section, where Σ is a hyperbolic surface with the same topology as Int R but equipped with a complete hyperbolic structure so that the boundary σ = ∂R is replaced by a cusp on Σ and χ = α |R .
5.1.6. Models of the approximating manifolds. Minsky [29] §6.5 contains a description of the convex core of M n = Q(α n (X), X) in terms of a uniformly bi-Lipschitz model for its convex core C n . Fix X ∈ Teich(S) such that X (σ) < 0 for some 0 less than the Margulis constant.
As above σ separates X into surfaces R, L; when needed we distinguish between the topological surfaces R, L and the hyperbolic structures X R , X L induced from X.
Also pick a complete hyperbolic surface Σ with the same topology as Int R but so that the boundary σ = ∂R is replaced by a cusp on Σ. Let Σ c denote Σ with a small (open) neighborhood of the cusp removed so that the boundary curve, which we denote σ c , has length 0 .
First we make a model B n for the part of C n corresponding to R. Let N = N χ be the hyperbolic 3-manifold with fiber Σ and monodromy χ. Let N n denote the cyclic n-fold cover of N , i.e. the manifold whose fundamental group is the kernel of the homomorphism π 1 (N ) → Figure 2 shows a 'cross-section' of K n . Note that the manifolds K n have uniformly bounded geometry away from T n .
The lower boundary of K n , denoted ∂K − n , is obtained by gluing ∂L×{0} to ∂R×{0}. Thus we have an obvious map φ n : S → ∂K − n which we use to mark K n . If s 0 ∈ σ is the base-point of S, we denote the image φ n (s 0 ) = (s 0 , 0) ∈ ∂L × {0} by o n . Lifting everything to universal covers, identifying S with H 2 , and thinking of K n ⊂ H 3 , we can arrange that s 0 lifts to O ∈ H 2 and o n lifts to
The upper boundary of K n , denoted ∂K + n , is obtained by gluing ∂L × {1} to ∂R × {n}. This gives a second obvious embedding φ + n : S → ∂K + n and we write o
n for φ n for clarity. To see that the model manifolds K n are bi-Lipschitz equivalent to the convex cores C n , note that the marked surfaces ∂K ± n of K n are conformally a uniformly bounded Teichmüller distance from the surfaces α n (X), X respectively, precisely as in the case of the manifolds M n = Q(α n (X), X). Thus the standard techniques used in the proof of the ending lamination theorem show that there are bi-Lipschitz homeomorphisms between C n and K n , with constants uniform in n. These are the models we will use.
5.1.7. The limit manifolds. In the algebraic limit, the tube T n becomes a rank one cusp, see also [30] . The lower boundary ∂K − n of K n stays fixed but the upper boundary ∂K + n develops into a partially degenerate end in which L becomes a surface with a puncture. The part of the surface corresponding to R becomes the degenerate end E described in 5.1.6.
In the geometric limit, the distance from o , crossing ∂L × {1}, and then 'down' from Σ c × {n} through B n to Σ c × {n/2}. Thus in the geometric limit, K n converges to the manifold S × R \ R × {0} with two geometrically infinite ends, each asymptotically quasi-isometric to E. This is discussed in detail in [9] , but is not important for us here.
5.2.
Absence of Uniform Convergence. Since the sequence G n does not converge strongly, by Proposition 3.7, it must fail to satisfy UEP. In fact it is easy to exhibit a sequence of points The meridian curve η round the boundary of the Margulis tube T n is split into two homotopic paths τ n , υ n in K n by the points o ± n ∈ ∂K ± n . The path τ n : t → (s 0 , t), t ∈ [0, n] joins o ± n going the 'long' way round ∂T n in B n , while the path υ n : t → (s 0 , t), t ∈ [0, 1] goes the 'short'
way round in C n .
Let s → γ(s) be a based loop homotopic to a fixed generator of π 1 (S, s 0 ) and lying entirely on R. As in the proof of Lemma 5.1, the path γ n :
n has the same length say as the path s → γ 0 (s) = (γ(s), 0) ∈ Σ c × {0} ⊂ ∂K − n . Now the loops τ n γ n τ −1 n and υ n γ n υ −1 n are homotopic in K n , moreover from the above observation, υ n γ n υ −1 n has length 2 + in K n . On the other hand in
By (4), the geodesic length of χ n (γ 0 ) on Σ c × {0} increases exponentially with n; hence by the usual comparison of word length and geodesic length on Σ c × {0}, if g n ∈ G 0 represents the loop χ n (γ) ∈ π 1 (S, s 0 ) then |g n | → ∞ in G 0 . Since ρ n is induced by the marking
n ∈ K n as above. Lifting the paths υ n γ n υ −1 n , we have found a sequence g n ∈ G 0 for which
bounded. As noted above, this violates UEP.
5.3.
Pointwise non-convergence. Let Γ = G 0 be the Fuchsian group for which X = H 2 /Γ.
Recall that σ corresponds to a loxodromic g σ ∈ Γ whose image under ρ ∞ is parabolic. Let P ⊂ Λ Γ denote the endpoints of axes which project to σ, equivalently, the set of images under Γ of the fixed points of g σ . The counter examples we seek for Theorem C occur in the case of ξ ∈ Λ Γ for which ξ / ∈ P butî ∞ (ξ) =î ∞ (p) for some p ∈ P. Precisely which points these are is given by the following theorem of Bowditch.
be a simply degenerate hyperbolic manifold corresponding to a faithful type preserving representation ρ : Γ → G, and suppose that there is a lower bound to the length of all loxodromics in M .
Suppose that M has ending lamination λ and letî : Λ Γ → Λ G be the corresponding CT -map.
Thenî(ξ) =î(η), ξ, η ∈ Λ Γ if and only if ξ and η are either either ideal end-points of the same leaf of λ, or ideal boundary points of a complementary ideal polygon of λ.
This result was originally proved by Minsky [28] in the (bounded geometry) closed surface case. The condition on loxodromics means of course that the injectivity radius of M is bounded below outside a horoball neighborhood of the punctures of S. This result has been extended to unbounded geometry and more general manifolds in [39] , [33] , [15] .
5.3.1. The points of non-convergence. The points of non-convergence of the mapsî n will be the endpoints of lifts of unstable leaves which bound the crown domain of the unstable lamination |λ u | of χ in Int R. First, as mentioned above, we need to be careful about the precise meaning of saying that α |R is pseudo-Anosov, so as to ensure that there is no Dehn twisting around σ when we consider χ as the restriction of α. We suppose given the hyperbolic surface Σ as above and a pseudo-Anosov map χ : Σ c → Σ c which pointwise fixes σ c and which is the identity in a horoball neighborhood of the cusp Σ \ Σ c . Then χ induces an automorphism χ * of π 1 (Σ c , s 0 ), where we pick s 0 ∈ ∂Σ c . Now identify R with Σ c and ∂R = σ with ∂Σ c . With
Continuing with the identification of R with Σ c , note that the crown domain F of the unstable lamination λ u of χ is an annulus with one boundary component σ and the other consisting of finitely many alternating segments of stable and unstable leaves. By taking a suitable power of χ if necessary, we can assume that these leaves map to themselves under χ.
Next, pick a liftF of F and a corresponding liftχ of χ which mapsF to itself and which is the identity on a particular liftσ of σ. Let µ u be the lift of one of the unstable leaves bounding the liftF and let ξ u be one of its endpoints in Λ Γ . From our assumption that (α * )
The non-convergence part of Theorem C is proved by Proposition 5.3. Let ξ u be an endpoint of a boundary leaf ofF , and let p ∈ P be an endpoint of the lift of σ also boundingF . Thenî ∞ (ξ u ) =î ∞ (p), while no subsequence of the sequencê
Proof. The statement thatî ∞ (ξ u ) =î ∞ (p) follows from Theorem 5.2 since λ u is the ending lamination of M ∞ . The statement that no subsequence of the sequenceî n (ξ u ) limits onî ∞ (p)
is Corollary 5.6 which we prove below.
To prove Corollary 5.6, we will construct, for each n, a quasi-geodesic in the lift K n of K n which passes through the basepoint O ∈ K n , and with endpointsî n (ξ u ) andî n (p). These quasi-geodesics will be uniform in n and the result will follow.
We want to consider ξ u ∈ Λ Γ as a point in the limit set Λ n Γ of the surface α n (X). To do this, denote by H 2 n the universal cover of the surface α n (X), with basepoints 0 =χ n (s 0 ) ∈σ.
The mapα
In H 2 n , let P n be the foot of the perpendicular from O =s 0 to µ u and consider the path β n which follows the perpendicular from O to P n and then follows µ u from P n to its endpoint ξ u .
The segment from O to P n has length bounded independent of n since outside the thin part of X, the diameter of the plaqueF is bounded. Hence β n is quasi-geodesic in H 2 n . The marking of K n is given by the embedding φ n : (S,
. This extends to the mapî n : Λ Γ → Λ n , where Λ n is the limit set of G n . On the other hand, the upper boundary ∂K + n of K n is marked by the map φ
Proof. The segment of φ + n (β n ) from O + n to φ + n (P ) has uniformly bounded length, so it is sufficient to show that φ + n (µ n ) is uniformly quasi-geodesic in K n . Suppose first that we were dealing with the case of a pseudo-Anosov map χ on a punctured hyperbolic surface Y , so that the stable and unstable laminations λ s , λ u of χ fill up Y . Let dx denote the transverse measure to λ s and dy denote the transverse measure to λ u , so that dx measures length along unstable leaves and dy measures length along stable leaves. As in 5.1.3, this defines a singular metric on Y which for brevity we write as ds 2 = dx 2 + dy 2 .
Since χ expands along stable leaves, that is in the y-direction, the metric on χ n (Y ) is given by
The same formula defines a singular metric on the universal cover H 2 . in [28] , see also [14] , the metric in E n is modelled by ds In the present case the model is somewhat more complicated because the automorphism α of the underlying surface S is partially pseudo-Anosov and K n limits on a partially degenerate end of M ∞ . However we can apply the above argument working in the space in which we electrocute the left hand half C n = L × [0, n], together with the Margulis tube T n around σ n .
Restricting the model end
An equivalent proof can be constructed by modelling K n as a tree of hyperbolic metric spaces as in [31] .
Next, we modify the path φ + n (β n ) of the previous lemma to a quasi-geodesic path from O = O − n with the same endpointî n (ξ u ) ∈ Λ n , by prefixing it with the path υ n from O − n to O + n which goes the 'short' way round ∂T n in C n as in section 5.2. Since υ n has uniformly bounded length 1, the resulting path δ n is a K n -quasi-geodesic from O toî n (ξ u ). It follows that the geodesic ray from O toî n (ξ u ) either lies completely outside T n , or enters T n only to exit at a point O a uniformly bounded distance from O.
Lemma 5.5. Let p ∈ P be as in the statement of Proposition 5.3. Let γ n be the hyperbolic ray from O toî n (p), and let δ n be as above. Then the angle at O between γ n and δ n is uniformly bounded away from 0.
Proof. First consider first the limiting case in which g σ is parabolic. After normalizing and working in the upper half space model H 3 , we may assume we are in the following situation.
Let O ∈ H 3 be a fixed base point at Euclidean height 1 above the base plane. Suppose that A ∈ Isom H 3 is a parabolic fixing ∞. Suppose that H is the height 1 horoball at ∞, so that O ∈ ∂H. Suppose that δ is a geodesic ray from O which either lies completely outside H, or which enters H and leaves it again at a point O at distance at most k from O. Let γ be the ray from O to ∞. Then the angle α between δ and γ at O is bounded away from 0; precisely 2| cot α| ≤ k , where k is the Euclidean bound on distance corresponding to the hyperbolic distance k.
Now we extend to the case of loxodromics of short translation length. Working in the upper half space model H 3 , let A n ∈ Isom H 3 be a loxodromic fixing ∞. Suppose that the translation length (A n ) → 0 as n → ∞. Let T n be a constant distance cone around Ax A n , chosen so that the translation length of A n restricted to ∂T n is a fixed length 0 . Let O ∈ H 3 be a fixed base point normalized to be at height 1 and assume that O ∈ ∂T n . Let a n be the other end point of Ax A n . Let γ n be the geodesic ray from O to a n and let δ n be another geodesic ray from O which either lies completely outside T n , or which enters T n and leaves it again at a point O at hyperbolic distance at most k from O, where k is bounded independent of n. We want to show that the angle between δ n and γ n at O is bounded away from 0.
Let θ n be the angle between the sides of the cone T n and the horizontal. Since (A n ) → 0 while the translation length of A n restricted to ∂ T n is fixed, θ n → 0 as n → ∞. Now the angle between γ n and the vertical at O is 2θ n . On the other hand, as is easy to compute, the angle between ∂ T n and δ n at O is uniformly bounded away from π/2. Since ∂ T n is nearly horizontal, this proves the result.
Corollary 5.6. No subsequence of the sequenceî n (ξ u ) limits on the pointî ∞ (p).
Proof. By Lemma 5.5, the visual angle subtended byî n (p) andî n (ξ u ) at O is uniformly bounded below away from 0. Since p is the fixed point of an element of Γ, by algebraic convergence we have lim n→∞în (p) =î ∞ (p) and the result follows.
Remark 5.7. In hindsight, Proposition 5.3 is perhaps not too unexpected as the pathsφ + n (β n ) live on the top sheet of the approximating manifolds K n and these converge to a ray whose limit does not lie in the limit set of the original surface subgroup π 1 (S).
Pointwise Convergence.
We shall now establish that the CT -mapsî n : Λ Γ → G n of the Brock examples converge pointwise for all points ξ ∈ Λ Γ other than those described in Proposition 5.3. We do this by applying the conditions EP (ξ) (Embedding of Points) and EP P (ξ) (Embedding of Pairs of Points) for pointwise convergence from [38] . These are essentially the criteria UEP and UEPP, relaxed so as to allow for dependence on the limit point ξ.
5.4.1. Convergence criteria. In [38] we described EP (ξ) and EP P (ξ) in relation to a sequence of elements g i ∈ Γ chosen so that g i · O is a quasi-geodesic in GΓ and so that g i · O → ξ in the Euclidean metric on the ball model B ∪ ∂B. It is easily seen that is equivalent to replace this with a criterion on the geodesic ray [O, ξ) from O to ξ in the universal cover
where X ∈ Teich(S).
Definition 5.8. Let Γ be a Fuchsian group such that X = H 2 /Γ is a closed hyperbolic surface and let ρ n : Γ → G n be a sequence of isomorphisms to Kleinian groups G n . Suppose given a sequence of (Γ,
preserving embeddings φ n : X → M n with (φ n ) * = ρ n . Let ξ ∈ Λ Γ and let [O, ξ) be the geodesic ray in X = H 2 as above.
(1) The pair ((ρ n ), ξ) is said to satisfy EP (ξ) if there exist functions f ξ : N → N and 
, where M ξ is as in (1) .
Note that in these definitions, we do not assume that M ξ (N ) → ∞ with N , in fact in the best situation, M ξ (N ) = 1. We have:
Theorem 5.9 ([38] Theorem 7.3). Suppose that ρ n : Γ → P SL 2 (C) is a sequence of discrete faithful representations converging algebraically to ρ ∞ : Γ → P SL 2 (C), and suppose the corre-
5.4.2. Verifying pointwise convergence. As above, we take Γ = G 0 and ρ n : G 0 → G n to be the Brock examples as in Section 5.1.5. Sometimes it will be important to distinguish between the surface S and the hyperbolic structure X ∈ Teich(S). Fixing such a structure X, we may take the dividing curve σ to be geodesic on X. The restrictions X R , X L of X to R, L are hyperbolic surfaces with geodesic boundary σ. The universal cover S of S is identified with H 2 using the lift of the structure X. Since K n is a quasi-isometric model for the convex core of Q(χ n (X), X),
we can identify the universal cover K n of K n with a convex subset of H 3 .
The representations ρ n correspond to a sequence of embeddings φ n : (
which descend to the maps φ n : (S,
We denote the H 3 -geodesic with these endpoints by [O,î n (ξ)). We will prove convergenceî n (ξ) →î ∞ (ξ) by checking that (ρ n , ξ) satisfies the condition EP P (ξ). Since the curve σ along which we cut X is geodesic, the lifts to H 2 of X R are convex, moreover they are clearly uniformly separated. Let d This will complete the proof of Theorem C. This proposition is the only point at which we use Theorem 4.2.
Now we prove
As above, Σ is a surface with the same topology as Int R but equipped with a complete hyperbolic structure so that the boundary curve σ is replaced by a puncture on Σ. We shall 
To use the comparison between the representationsρ n of F 0 = π 1 (Σ) and ρ n of G 0 = π 1 (S), we need to make definite the precise relationship between the limit sets Λ F 0 and Λ G 0 . By definition the component Ω − (G 0 ) of the regular set of G 0 projects to the Riemann surface X.
Let R 0 be a fixed component of the lift of R to Ω − (G 0 ), and let J ⊂ G 0 be its stabiliser, with
and a map V : R 0 → Σ c which (see [38] Theorem 4.1) extends to a corresponding CT -map
Proof. Translating by an appropriate element of G 0 we may assume without loss of generality that the geodesic ray [0, ξ) is contained in R 0 so that ξ ∈ Λ J . Writeξ =î V (ξ). Since as abovē ρ n satisfies U EP P , then certainly (ρ n ,ξ) satisfies EP (ξ). Hence there is a strictly increasing
O to ψ n (x), and let H(λ) denote the collection of horoballs traversed by λ. Let P N (x, n) be the total length of the geodesic segments in [O, ψ n (x)] ∩ H 3 \ H(λ) and Q N (x, n) = |H(λ)| be the number of horoballs traversed by λ. We claim there exist a strictly increasing function
If the claim is false, then there exists K > 0 such that for all N , there existx N ∈ [O,ξ), N ) and arbitrarily large n ∈ N such that
Inductively, choose n = n N > n N −1 . Then (6) Since η is a parabolic point in Λ F 0 , by Bowditch's Theorem 5.2 this means that either ξ ∈ V * (P) orξ is the endpoint of a leaf in the crown of the unstable lamination of χ. Sincê i V : Λ J → Λ F 0 is one-to-one except on P, the same is true of ξ. Since by assumption ξ / ∈ P, we deduce that ξ is the end of a boundary leaf of the crown of χ, which gives, using Theorem 5.2 again,î ∞ (ξ) ∈ P ∞ , contrary to hypothesis. This proves claim (5). Now we will show that claim (5) implies that (ρ n , ξ) satisfies EP (ξ). As above, let D n = B n ∪ T n and let D n denote the lift of D n corresponding to R 0 above, that is, whose stabiliser is ρ n (J). Let Since Margulis tubes are convex, it follows as in [20] that D n satisfies the condition of Lemma 2.6 relative to the collection T n of lifts of T n it contains, as does E n relative to the set of horoballs H n say. Let D e n , E e n denote the corresponding electric spaces. Note that V * induces a bijective correspondence between T n and H n .
To avoid having to define the extension of V n to the whole of D e n we proceed as follows. Suppose that λ is an electric quasi-geodesic in D e n with endpoints in B n . Replace λ with a pathλ which runs along the boundaries of the electrocuted sets in T n as follows. Suppose some segment λ of λ enters and leaves some T ∈ T n at points a, b respectively. Replace H ∈ H corresponds to T ∈ T . Using the fact that V n is uniformly bi-Lipschitz, it is easy to see that V n (λ) is an electric quasi-geodesic in E [O, ψ n (x)] ⊂ E n . Since D n is quasi-convex in K n , we can after bounded adjustments assume that [O, φ n (x)] ⊂ D n . Since V n φ n = ψ n V we have V n ( φ n (x)) = ψ n (x).
Replacing the electric geodesic λ say from O to φ n (x) in D e n by the corresponding electric quasi-geodesicλ as above, we see that V n (λ) is a well-defined electric quasi-geodesic in E e n with endpoint ψ n (x). Moreover V n (λ) has length comparable toλ. Since (5) effectively says that the length of V n (λ) in the electric metric on E e n goes to infinity uniformly with N independently of n, the same is true ofλ. This proves that (ρ n , ξ) satisfies EP (ξ) and we are done.
Corollary 5.14. Ifî ∞ (ξ) / ∈ P ∞ , then (ρ n , ξ) satisfies EP P (ξ). Now consider the geodesic [ ψ n (λ)] in E e n and let µ, µ ea be respectively the electric geodesic and the electro-ambient geodesic with the same endpoints, as in Section 2.6. By Lemma 2.6, µ ea is a bounded distance from [ ψ n (λ)]. Using EP P (ξ), we deduce that µ ea is outside B H 3 (O, g(N )− k), for some uniform k > 0. Then using the same method as in the previous lemma, it follows that any point on µ is outside some ball B(O, h(N )) in the electric metric on E Lemma 5.15. Suppose that T is an equidistant tube in H 3 , that is, the set of points equidistant from a geodesic axis in H 3 , and that T has radius at least r for some uniformly large r. Suppose that A ∈ ∂T is outside B(O, R), where O ∈ H 3 is a fixed base-point. Then the entire tube T is outside B(O, R ) for some R R.
Proof. Let P be the point on T nearest to O in the hyperbolic metric and let P , A be the feet of the perpendiculars from P, A to the axis of T . We claim that if Proof. This follows immediately from Theorem 5.9.
This completes the proof of Proposition 5.12.
Remark 5.17. In the proof of Theorem C, we used the pseudo-Anosov χ = α| R only to get a simply degenerate manifold corresponding to a representation of π 1 (R) in the algebraic limit.
We could replace the sequence G n with any sequence of representations ρ n of π 1 (S) such that a) the sequence ρ n | π 1 (R) converges to a simply degenerate representation of π 1 (R) and b) the sequence ρ n | π 1 (L) converges to a quasi-Fuchsian representation of π 1 (L).
Then the general form [15] Theorem 5.2, which applies to the case in which the geometry of the limit manifolds do not necessarily have bounded geometry, together with a suitably modified version of Theorem A, would furnish the same conclusion as Theorem C, where we replace the unstable lamination of χ with the ending lamination of G ∞ .
